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Abstract
We study CLP-compact spaces (every cover consisting of clopen sets has a finite subcover) and CLP-compact topological groups.
In particular, we extend a theorem on CLP-compactness of products from [J. Stepra¯ns, A. Šostak, Restricted compactness properties
and their preservation under products, Topology Appl. 101 (3) (2000) 213–229] and we offer various criteria for CLP-compactness
for spaces and topological groups, that work particularly well for precompact groups. This allows us to show that arbitrary products
of CLP-compact pseudocompact groups are CLP-compact. For every natural n we construct:
(i) a totally disconnected, n-dimensional, pseudocompact CLP-compact group; and
(ii) a hereditarily disconnected, n-dimensional, totally minimal, CLP-compact group that can be chosen to be either separa-
ble metrizable or pseudocompact (a Hausdorff group G is totally minimal when all continuous surjective homomorphisms
G → H , with a Hausdorff group H , are open).
© 2006 Elsevier B.V. All rights reserved.
MSC: primary 22A05, 22B05, 54D25, 54H11; secondary 54A35, 54B30, 54D30, 54H13
Keywords: CLP-compact space; CLP-compact group; Compact abelian group; Totally minimal group; Pseudocompact group; Precompact group
1. Introduction
The main topic of this paper is the following compactness property introduced by Šostak [33] and studied further
in [28,32] and elsewhere (see the references in [32]).
Definition 1.1. [33] A topological space X is CLP-compact if every cover consisting of clopen sets has a finite
subcover.
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1322 D. Dikranjan / Topology and its Applications 154 (2007) 1321–1340The interest in this notion is justified by the fact that it naturally includes the two most important properties of
topological spaces: compactness and connectedness.
Following [32], for a topological space (X, τ) we denote by τCLP the topology on X having as a base the τ -clopen
sets of X. Clearly, the equality τ = τCLP occurs precisely when (X, τ) is zero-dimensional (w.r.t. to indX). As pointed
out in [32, Remark 1.4], a space (X, τ) is CLP-compact iff (X, τCLP) is compact.
Some permanence properties of CLP-compactness are easy to check: CLP-compactness is preserved by taking
clopen subsets and continuous images, but a CLP-compact subspace of a Hausdorff space need not be closed, while
a closed subspace (actually, even a τCLP-closed subspace) of a CLP-compact space (X, τ) need not be CLP-compact
(Example 6.11).
Productivity for CLP-compactness turns out to be the hardest problem to deal with in this respect. For a fam-
ily {(Xi, τi): i ∈ I } of topological spaces, we denote by ⊗i τi the product topology on ∏i Xi [30]. Always
(
⊗
i τi)
CLP ⊇⊗i τiCLP. Following [32, Definition 2.3]), we say that the product ∏i Xi is CLP-rectangular, if these
topologies coincide. The following result from [32] clarifies the relevance of CLP-rectangularity for CLP-compactness
of products:
Theorem 1.2. [32, Theorem 2.14] Let X,Y be CLP-compact spaces. Then X × Y is CLP-compact iff X × Y is
CLP-rectangular.
It was proved in [32, Theorem 3.2] that the product of two CLP-compact spaces (Xi, τi), i = 1,2, with
w(Xi, τi) < p and w(Xi, τiCLP) ω for i = 1,2, is again CLP-compact. In particular, finite products of second count-
able CLP-compact spaces is CLP-compact [32, Corollary 3.3]. Finite products of sequential CLP-compact spaces were
proved to be CLP-compact in [30]. A consistent example of a regular CLP-compact space X of countable tightness,
such that X2 is not CLP-compact was given quite recently by Stepra¯ns [31].
Compared to [32,30], we adopt a somewhat different approach to CLP-compactness, emphasizing the role of
the space of quasi-components r(X) of a given topological space X. Clearly, X and r(X) are simultaneously
CLP-compact, but r(X) enjoys better separation axioms than X, as far as τCLP is concerned. In this way the CLP-
compactness can be studied mainly in totally disconnected spaces, where a further limitation to Tychonoff spaces
is possible (Theorem 2.12) with a natural criterion involving the Stone– ˇCech compactification (Theorem 2.10). Fur-
thermore, we single out a relevant class of CLP-compact spaces (called strongly CLP-compact), namely those X for
which r(X) is actually compact. We extend Theorem 1.2 for arbitrary products (see Theorem 3.4), towards a solution
to the general problem, raised in [32], on CLP-compactness of infinite products of topological spaces (see Question
7.1 below). Another point of major emphasis in this paper is the preservation of the CLP-topology by embeddings.
As far as we know, CLP-compactness of topological groups has not been studied at all. We establish some general
properties specific for topological groups, e.g., the product of an arbitrary family of strongly CLP-compact groups
is strongly CLP-compact. This property fails for topological spaces (the spaces X(F0) and X(F1) with non-CLP-
compact product from [32, Lemma 4.1] are strongly CLP-compact).
We show that for a totally disconnected precompact group (G, τ) the group (G, τCLP) is compact and totally dis-
connected. In other words, the CLP-compact groups, modulo their quasi-component, admit sufficiently many compact
representations (Proposition 4.5). Therefore, it makes sense to concentrate the study of CLP-compactness on precom-
pact groups (i.e., subgroups of compact groups). We give a criterion for (strong) CLP-compactness of precompact
groups. This becomes especially transparent in the case of pseudocompact groups. As an application we show that
arbitrary products of CLP-compact pseudocompact groups are CLP-compact.
For every natural number n we produce a hereditarily disconnected n-dimensional strongly CLP-compact group
that can be chosen to be either separable metric or pseudocompact (such a space cannot be compact, since the heredi-
tarily disconnected compact spaces are zero-dimensional).
We characterize the class N of the compact totally disconnected groups of the form (G, τCLP), where (G, τ) is a
non-compact totally disconnected pseudocompact abelian group. For every N ∈N and for every compact connected
abelian group C of weight  2c we build a totally disconnected pseudocompact CLP-compact group (G, τ) such that
(G, τCLP) ∼= N , the connected component of the completion of G is isomorphic to C and (consequently) dimG =
dimC.
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Notation and terminology
The symbols P, N, Z, Q, T are used to denote the set of primes, the set of positive integers, the group of integers,
the group of rationals, the quotient group R/Z with its usual compact topology, respectively. For n ∈ N we denote by
Z(n) the cyclic group of order n, while Zp will denote the group of p-adic integers for p ∈ P. The symbol c stands
for the cardinality of the continuum.
Let G be an Abelian group. For an Abelian group G we denote by r0(G) the free rank of G—if G is free Abelian
this is simply its rank, otherwise this is the maximum rank of a free subgroup of G.
A topological space X is zero-dimensional, if X has a base of clopen sets; X is pseudocompact if every continuous
real-valued function of X is bounded. The two-sided (Raı˘kov) completion of a Hausdorff topological group G will be
denoted by G˜. The group G is precompact precisely when G˜ is compact. Dimension of precompact groups is intended
as Lebesgue covering dimension. According to [27], zero-dimensionality in both senses agree for precompact groups
(for further information on dimension theory of topological groups see [26]). For undefined terms see [13,18].
2. The space of quasi-components and (strong) CLP-compactness
For a topological space X and x ∈ X we denote by Cx(X) and Qx(X) the connected component of x and the quasi-
component of the point x (i.e., the intersection of all clopen sets of X containing x), respectively. Obviously, always
Cx(X) ⊆ Qx(X) holds, equality is available when X is compact. In general, Cx(X) coincides with the intersection of
the (transfinite) chain of iterations Qx(X) ⊇ Qx(Qx(X)) ⊇ · · · [7].
Here is another useful relation between the quasi-component and the connected component.
Example 2.1. If (X, τ) is Tychonoff space and βX is its Stone– ˇCech compactification, then Qx(X) = X ∩ Cx(βX)
for every x ∈ X (see Lemma 2.2 for a proof of a stronger version of the property).
Motivated by this property, we shall say that the embedding of a subspace X of a space Y is quasi-component
preserving, if Qx(X) = X ∩Qx(Y ) for every x ∈ X (so the embedding X ↪→ βX is quasi-component preserving for
every Tychonoff space X).
If X is a subspace of a topological space (Y, τ ), then the topology induced on X by τCLP is contained in (τ X)CLP.
We shall say that an embedding X ↪→ Y is CLP-preserving if these two topologies of X coincide (i.e., when every
clopen set W of X has the form W = X ∩ U , where U is a union of clopen sets of Y ). Every CLP-preserving
embedding is quasi-component preserving, since the τCLP-closure of {x} in Y is precisely Qx(Y, τ) for every x ∈ X.
We show below that these two properties coincide when X is CLP-compact (Lemma 2.5).
Lemma 2.2. If (X, τ) is a Tychonoff space, then the embedding X ↪→ βX is CLP-preserving.
Proof. Let (βX,βτ) be the Stone– ˇCech compactification of (X, τ). To show that τCLP coincides with the induced
by βτCLP topology on X it suffices to see, that for every clopen set A of X there exists a clopen set B of βX
such that A = B ∩ X. There exists a continuous function to the discrete dyad f :X → {0,1} such that A = f−1(0).
By continuously extending f to βX we find a continuous function f :βX → {0,1} such that B = f−1(0) satisfies
A = B ∩X. 
Following [18], the space X is called totally disconnected, if all Qx(X) are singletons; and hereditarily dis-
connected, if all Cx(X) are singletons. Obviously, zero-dimensional T0-spaces are totally disconnected, and totally
disconnected spaces are hereditarily disconnected. Moreover, totally disconnected spaces are Hausdorff (as every pair
of distinct points is separated by a clopen set), but in general may fail to be regular.
We shall make extensive use of the quotient space r(X) of X obtained by the partition {Qx(X): x ∈ X}. It is totally
disconnected and the quotient map qX :X → r(X) is clopen (i.e., sends clopen sets of X to clopen sets of r(X), cf.
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of X to totally disconnected spaces (i.e., if f :X → Y is continuous and Y is totally disconnected, then there exists a
unique continuous map f : r(X) → Y such that f = f ◦ qX).
Lemma 2.3. The following are equivalent for any space (X, τ):
(a) (X, τCLP) is Hausdorff ;
(b) (X, τCLP) is T1;
(c) (X, τCLP) is T0;
(d) (X, τ) is totally disconnected.
Proof. (a) → (b) → (c) are trivial. To prove (c) → (d) note that for every x ∈ X the τCLP-closure of {x} is precisely
Qx(X, τ) and this closure is indiscrete in the topology induced by τCLP. For (d) → (a) note that (d) implies that also
(X, τCLP) is totally disconnected. 
Lemma 2.4. For a space (X, τ) the following are equivalent:
(a) (X, τ) is CLP-compact;
(b) r(X) is CLP-compact;
(c) for every continuous map f : X → Z into a zero-dimensional space Z the image f (X) is compact.
Proof. The equivalence of (a) and (b) follows from the clopenness of the map qX . The equivalence of (a) and
(c) follows from the fact that every zero-dimensional continuous image of (X, τ) is also a continuous image of
(X, τCLP). 
Lemma 2.4 justifies the study of CLP-compactness mainly for totally disconnected topological spaces.
Lemma 2.5. A dense embedding j : X → Y of a CLP-compact space X is CLP-preserving iff j is quasi-component
preserving.
Proof. Assume that j is quasi-component preserving. Then the natural continuous map j : r(X) → r(Y ), such that
j ◦ qX = qY ◦ j , is injective. Denote by τ the topology of Y and by τX the induced topology of X. Then the quotient
topology τ1 of τXCLP is a compact Hausdorff topology on r(X). Moreover, r(Y ) equipped with the quotient topology
τ2 of τCLP is Hausdorff and contains a dense compact subset j(r(X)). Therefore, j(r(X)) = r(Y ). Hence j is a
continuous bijection between (r(X), τ1) and (r(Y ), τ2), so j is a homeomorphism. To check that j is CLP-preserving
take a τX-clopen set W of X. Then qX(W) is clopen in r(X), since the map qX is clopen. Therefore, j(qX(W)) is
clopen in r(Y ), so that U = q−1Y (j(qX(W))) is τ -clopen in Y . To finish the proof, it remains to note that W = j−1(U))
since j is injective.
The other implication is trivial. 
Definition 2.6. A topological space X is strongly CLP-compact, if r(X) is compact.
This terminology is justified by Lemma 2.4, since strongly CLP-compact spaces are obviously CLP-compact.
It is easy to see that:
• every space X having some of the following properties is strongly CLP-compact:
◦ X is either connected or compact;
◦ X is a product of a connected space and a compact one;
◦ X has finitely many connected components,
• a locally connected space is strongly CLP-compact iff it has finitely many connected components.
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Remark 2.7. (1) One can easily prove that a space X is CLP-compact iff every filter with a base of clopen sets
has an accumulation point. Hence (strong) CLP-compactness is preserved by taking continuous images and clopen
subspaces.
(2) If X is a dense (strongly) CLP-compact subspace of Y , then also Y is (strongly) CLP-compact.
(3) Since r(X) is compact for a strongly CLP-compact space X, it makes sense to consider the space ρ(X) of
all connected components of X (with the quotient topology). It is hereditarily disconnected and the quotient map
sX :X → ρ(X) has the universal property with respect to all maps X → Y with hereditarily disconnected codomain Y .
In particular, the map qX :X → r(X) factorizes through sX and r(ρ(X)) = r(X). Consequently, the map sX is clopen.
Hence X is (strongly) CLP-compact iff ρ(X) is (strongly) CLP-compact. In this way the study of strongly CLP-
compact spaces can be carried out mainly in the class of hereditarily disconnected spaces. In particular, the examples
of non-compact strongly CLP-compact spaces we shall give in the sequel will be hereditarily disconnected and far
from being compact.
Definition 2.8. A subspace X of a topological space Y is c-dense, if every connected component of Y meets X (i.e.,
qY (X) = r(Y )).
Example 2.9.
(a) If the connected components of the space Y are clopen (in particular, if Y is locally connected or |r(Y )| < ∞),
then X ⊆ Y is c-dense, if X is dense in Y .
(b) If Y is hereditarily disconnected, then no proper subspace of Y is c-dense.
(c) If X is pseudocompact and r(βX) is first countable (i.e., the connected components of βX are Gδ-sets), then X
is c-dense in βX.
(d) If for every i ∈ I the subspace Xi of Yi is c-dense, then also X =∏i Xi is c-dense in∏i Yi .
The following criterion will be used frequently, especially in the case of topological groups.
Theorem 2.10. Let K be a compact space and let f :X → K be a continuous map with dense image.
(a) If X is CLP-compact then f (X) is c-dense in K .
(b) If f is a CLP-preserving embedding and f (X) is c-dense in K , then X is CLP-compact.
In particular, a Tychonoff space X is CLP-compact iff X is c-dense in βX.
Proof. (a) The quotient r(K) is compact and totally disconnected, hence it is zero-dimensional. Since the restriction
of qK :K → r(K) to X factorizes through the CLP-compact space (X, τCLP), the image qK(X) is a dense compact
subspace of r(K). Hence qK(X) = r(K). By the definition of r this means that X is c-dense in K .
(b) For the topologies τ and τ˜ of X and K respectively, τ˜CLP induces τCLP on X by hypothesis. Since τ˜CLP
coincides with the initial topology of the map qK , this proves that the topology induced on X under (the restriction
of) the map qK is precisely τCLP. Hence the CLP-compactness of X is equivalent to the compactness of its image
qK(X) in K . Now the density of X yields that this is equivalent precisely to qK(X) = K . Clearly, the latter equality
is equivalent to c-density of qX(X) in K .
The last assertion follows from (a), (b) and Lemma 2.2. 
As a first application of this criterion we obtain:
Corollary 2.11. If X is a pseudocompact space such that r(βX) is first countable, then X is CLP-compact.
Proof. Follows directly from (c) of Example 2.9 which guarantees c-density of X in βX. 
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study of CLP-compactness of totally disconnected spaces within the class of Tychonoff spaces. Clearly, the continuous
real-valued functions of every totally disconnected space (X, τ) separate the points, so X admits a finest Tychonoff
topology τw coarser than τ .
Theorem 2.12. A totally disconnected space (X, τ) is CLP-compact iff (X, τw) is CLP-compact.
Proof. Since τCLP is a Tychonoff topology, one has τ ⊇ τw ⊇ τCLP. Clearly, the CLP-compactness of τw implies
CLP-compactness of τCLP, and consequently CLP-compactness of τ . The other implication is trivial. 
3. Products of CLP-compact spaces
The connected component behaves well with respect to products, i.e., if x = (xi) ∈ X =∏i∈I Xi , then Cx(X) =∏
i Cxi (Xi). The counterpart of this property for the quasi-component,
Qx(X) =
∏
i
Qxi (Xi) for every x = (xi) ∈ X =
∏
i∈I
Xi, (1)
may fail although it is obviously true that always Qx(X) ⊆∏i Qxi (Xi). This defines a continuous surjective map
t : r(X) →∏i r(Xi). When t is bijective, we shall roughly write r(X) =∏i r(Xi), keeping in mind that the equality
concerns only the underlying sets. In the next lemma we give a positive result towards availability of this equality:
Lemma 3.1. Let {Xi : i ∈ I } be a family of topological spaces.
(i) r(X) =∏i r(Xi) precisely when (1) holds; this occurs when one of the following conditions is satisfied:
(a) the quasi-components coincide with the connected components in every space Xi ;
(b) each Xi is Tychonoff and
∏
i Xi is pseudocompact.
(ii) r(X) and ∏i r(Xi) coincide also as topological spaces precisely when the product ∏i Xi is CLP-rectangular;
this occurs if all maps qXi are open.
Proof. (a) and the first part of (ii) are obvious. To prove (b) recall that the pseudocompactness of ∏i Xi entails
β
∏
i Xi =
∏
i βXi [19]. Hence (b) follows from (a) (applied to the compact spaces βXi ) and Example 2.1. For the
second part of (ii) assume that r(X) =∏i r(Xi) as sets and all maps qXi are open. Hence the set-map qX :X → r(X)
can be considered as a product of the open maps qXi , hence qX is open when r(X) =
∏
i r(Xi) is given the product
topology. Therefore, the quotient topology coincides with the product topology. 
Example 3.2. The sufficient conditions from the above lemma are satisfied when all quasi-components of each
space Xi are open (i.e., r(Xi) is discrete). Hence we can conclude that the product of any family of spaces with
finitely many components is strongly CLP-compact. Since, “finitely many components” is a property stronger than
strong CLP-compactness, one could expect, that (finite) products of strongly CLP-compact spaces are (at least) CLP-
compact. Strongly CLP-compact Hausdorff spaces X(Fi ), i = 0,1, with non-CLP-compact product were constructed
in [32, Corollary 4.2]. This example is optimal in a certain sense, since r(X(Fi )) is a converging sequence for i = 0,1,
i.e., the smallest infinite compact space.
The criterion from Theorem 2.10 gives a straightforward proof of the following results, proved in [32, Theorem 2.17]
for product of two spaces:
Corollary 3.3. If {Xi : i ∈ I } are Tychonoff spaces such that∏i Xi is pseudocompact, then∏i Xi is CLP-compact iff
all Xi are CLP-compact.
Proof. Assume Xi are CLP-compact. Then by Theorem 2.10 each Xi is c-dense in βXi . By (d) of Example 2.9, also∏
i Xi is c-dense in
∏
i βXi . Since
∏
i Xi is pseudocompact, we have β(
∏
i Xi) =
∏
i βXi [19]. By Theorem 2.10,
we again conclude that
∏
Xi is CLP-compact. i
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spaces is CLP-compact, iff each (Xi, τi) is CLP-compact and the product X =∏i Xi is CLP-rectangular (indeed,
if X is CLP-compact, then (
⊗
i τi)
CLP is a compact Hausdorff and (
⊗
i τi)
CLP ⊇⊗i τiCLP, so these two topologies
coincide). Theorem 1.2 gives a more precise result in the cases of just two spaces (the above immediate argument
cannot be applied since (X × Y)CLP need not be Hausdorff in general). Now we extend Theorem 1.2 for arbitrary
products:
Theorem 3.4. For a family {(Xi, τi): i ∈ I } of topological spaces ∏i (Xi, τi) is CLP-compact iff each (Xi, τi) is
CLP-compact and the product
∏
i Xi is CLP-rectangular.
Proof. In case I is finite the proposition follows directly from Theorem 1.2 by induction. Hence, we assume in the
sequel that I is infinite.
The sufficiency is obvious. To prove the necessity assume that X =∏i (Xi, τi) is CLP-compact. To check that∏
i (Xi, τi) is CLP-rectangular take a point x = (xi) ∈ X and a clopen set W of X containing x. Then there
exists a finite subset {i1, i2, . . . , in} = J ⊆ I , such that, with Z = ∏i∈I\J Xi , Y = Xi1 × Xi2 × · · · × Xin and
y = (xi1, xi2, . . . , xin) ∈ Y ,
x = (y, z) ∈ {y} ×Z ⊆ W ⊆ Y ×Z = X,
where z is the projection of x in Z. We shall produce a clopen set U in Y such that
x = (y, z) ∈ U ×Z ⊆ W ⊆ Y ×Z = X. (2)
According to Theorem 1.2, the (finite!) product Y × Z is CLP-rectangular. Hence, for every z ∈ Z, there exist a
clopen set Uz in Y containing y and a clopen set Vz of Z containing z such that Uz ×Vz ⊆ W . As a continuous image
of X, Z is CLP-compact, so we can find finitely many z1, z2, . . . , zn ∈ Z such that Z =⋃i Vzi . Then U =⋂i Uzi is a
clopen set in Y satisfying (2).
Now applying Theorem 1.2 to the finite product Y we can find clopen sets Uk in Xik , for k = 1,2, . . . , n, such that
y ∈ U1 ×U2 × · · · ×Un ⊆ U . Hence x ∈ U1 ×U2 × · · · ×Un ×Z ⊆ W . This proves that X is CLP-rectangular. 
This theorem leaves open (but sheds some light on) Question 7.1.
Proposition 3.5. If Xi is Tychonoff space for every i ∈ I and∏i Xi is pseudocompact, then∏i Xi is CLP-rectangular.
Proof. Since
∏
i βXi = β(
∏
i Xi) is compact (hence, CLP-compact), the above theorem yields that this product is
CLP-rectangular. Applying Lemma 2.2 we conclude that also
∏
i Xi is CLP-rectangular. 
This proposition (along with Theorem 2.10) gives a new proof of Corollary 3.3.
4. Generalities on CLP-compact topological groups
In case G is a topological group and x ∈ G, then Cx(G) = xCe(G) = Ce(G)x and Qx(G) = xQe(G) = Qe(G)x,
where e is the neutral element of G. For brevity, we shall denote Qe(G) by Q(G) and Ce(G) by C(G). Then Q(G)
and C(G) are closed normal subgroups of G [7, Theorem 1].
For the sake of frequent use we give separately the following immediate corollary of Lemma 2.4:
Corollary 4.1. A topological group G is CLP-compact iff G/Q(G) is CLP-compact; G is strongly CLP-compact iff
G/Q(G) is compact.
This corollary justifies the study of CLP-compactness mainly for totally disconnected topological groups.
Example 4.2. (1) CLP-compactness is equivalent to compactness for every countable regular T1-space (since such
a space is necessarily zero-dimensional). Here regularity is essential, since examples of countable connected (hence,
CLP-compact) Hausdorff spaces are known (e.g., the well-known Bing’s example [2]).
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compactness coincides with compactness for such a group).
The next proposition shows that item (2) from the above example can be given in a more precise form.
Proposition 4.3. A topological group G with |G/Q(G)| < c is CLP-compact iff G has finitely many connected com-
ponents.
Proof. If G has finitely many connected components, then G is CLP-compact.
Assume G is CLP-compact. The quotient group G/Q(G) is a Tychonoff space of size < c, so it is zero-dimensional.
Hence CLP-compactness of G yields CLP-compactness of G/Q(G), and consequently, compactness of G/Q(G).
Since infinite compact groups have size at least c, we conclude that G/Q(G) is finite. In particular, Q(G) is open
in G, hence Q(G) = C(G). This proves that G has finitely many connected components. 
It should be mentioned here that the above proposition is typical for topological groups. Indeed, most of the impor-
tant examples of CLP-compact spaces have countably many quasi-components [32,31] (while the above proposition
implies that the number of quasi-components of a CLP-compact group can be either finite or  c).
For a topological group (G, τ) the topology τCLP need not be a group topology.2 Indeed, Megrelishvili [23] con-
structed a totally disconnected group (G, τ) that does not admit a coarser zero-dimensional Hausdorff group topology.
Since τCLP is Hausdorff and zero-dimensional, we conclude that it cannot be a group topology. (His example is a
totally disconnected minimal group which is not zero-dimensional. A Hausdorff topological group G is minimal pro-
vided it does not admit a strictly coarser Hausdorff group topology [29], G is totally minimal provided every Hausdorff
quotient of G is minimal [12].)
In order to understand better when τCLP is a group topology, one can exploit other two components of the neutral
element in a topological group G, introduced in [9]. Namely:
• the z-component Z(G), coinciding with the intersection of all kernels of continuous homomorphisms G → H ,
where H is a zero-dimensional topological group;
• the o-component O(G), coinciding with the intersection of all open normal subgroups of G.
Clearly, Z(G) (O(G)) is the smallest closed normal subgroup of G such that the quotient group G/Z(G)
(G/O(G)) admits a coarser zero-dimensional Hausdorff group topology (a Hausdorff group topology with a local
base at 1 consisting of open normal subgroups of G, respectively). For every topological group G one has the inclu-
sions:
C(G) ⊆ Q(G) ⊆ Z(G) ⊆ O(G),
which simultaneously become equalities when G is compact. In the sequel we shall briefly say that G is a qz-group,
if Q(G) = Z(G); analogously, G is a qo-group, if Q(G) = O(G).
For a topological group G we denote by N(G) the von Neumann kernel of G, namely, the intersection of all kernels
of continuous homomorphisms G → K , where K is a compact Hausdorff group. Following von Neumann [24] we
say that G is maximally (minimally) almost periodic, if N(G) = {1} (respectively, if N(G) = G).
Lemma 4.4. τCLP is a group topology for a topological group (G, τ) iff G is a qz-group.
Proof. Assume G is a qz-group. Then the group G/Q(G) = G/Z(G) admits coarser zero-dimensional Hausdorff
group topologies. Denote by σ the finest one. Then σ coincides with τCLP, where τ is the quotient topology of
G/Q(G). Now the initial topology of G with respect to the map G → (G/Q(G),σ ) coincides precisely with τCLP,
so the latter is a group topology.
2 Although (G, τCLP) is always a homogeneous space.
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G/Q(G), where the group G is equipped with τCLP, provides a coarser zero-dimensional Hausdorff group topology
of G/Q(G), when the group G is equipped with τ . Hence Q(G) = Z(G). 
We see below that every CLP-compact topological group a qz-group. In other words, τCLP is a group topology
when (G, τ) is a CLP-compact group. (Of course, this is obviously true for strongly CLP-compact groups, they are
even qo-groups.)
The non-qz-group from [23] is neither CLP-compact nor precompact, since it contains as a topological direct
summand the Erdo˝s group E consisting of the rational points in 	2. According to Lemma 2.4, E is not CLP-compact
as it admits a continuous non-compact zero-dimensional image in Q (just take any projection).
Proposition 4.5. Every CLP-compact topological group is a qz-group.
Proof. Let (G, τ) be a CLP-compact group. According to Lemma 4.4, it suffices to prove that τCLP is a group
topology. Note that the topological space (G, τCLP) is compact Hausdorff and multiplication is continuous in each
variable separately. By Ellis’ theorem [17], (G, τCLP) is a topological group. 
The next corollary is a relevant step towards the complete understanding of the CLP-compact groups. Item (a)
justifies the limitation of the study of CLP-compact groups exclusively to maximally almost periodic ones.
Corollary 4.6. Q(G) ⊇ N(G) for every CLP-compact group, consequently:
(a) the totally disconnected CLP-compact groups are maximally almost periodic;
(b) a minimally almost periodic group G is CLP-compact iff G is connected.
Proof. Proposition 4.5 implies that every totally disconnected CLP-compact group admits a coarser compact group
topology, in particular, it is maximally almost periodic. This proves (a) and consequently Q(G) ⊇ N(G) for every
CLP-compact group G. Now (b) is obvious. 
For every maximally almost periodic group (G, τ) denote by G+ the group G endowed with the finest precompact
group topology coarser than τ . Clearly, G+ is CLP-compact whenever (G, τ) is CLP-compact. This fact, as well
as the possibility to make use of Theorem 2.10, motivate the study of CLP-compactness in the class of precompact
groups.
Lemma 4.7. Let {Gi : i ∈ I } be a family of topological groups and G =∏i Gi . Then
Q(G) =
∏
i
Q(Gi), Z(G) =
∏
i
Z(Gi), O(G) =
∏
i
O(Gi) and N(G) =
∏
i
N(Gi). (3)
Consequently, r(G) coincides with
∏
i r(Gi) as a topological group.
Proof. Identify Gi with a subgroup of G in the obvious way. Then Q(Gi) is contained in Q(G). Therefore, Q(G)
contains the direct sum
⊕
i Q(Gi). Since Q(G) is closed, it contains also its closure, namely
∏
i Q(Gi). On the
other hand, Q(G) is sent, under the projection pri :G → Gi , into Q(Gi), so Q(G) ⊆
∏
i Q(Gi). This proves the first
equality in (3). The others can be checked in a similar way.
To prove the last assertion note that the maps Gi → r(Gi) = Gi/Q(Gi) are open, so we can apply Lemma 3.1. 
Corollary 4.8. Let {Gi : i ∈ I } be a family of topological groups and G =∏i Gi . Then G is strongly CLP-compact iff
each Gi is strongly CLP-compact.
Indeed, by Lemma 4.7 r(G) coincides with
∏
i r(Gi) as a topological group. So G is strongly CLP-compact (i.e.,
r(G) is compact) iff each Gi is strongly CLP-compact (i.e., each r(Gi) is compact).
We shall see in the sequel that CLP-compact groups need not be complete. This motivates us to study the completion
G˜ of a (CLP-compact) group G and the way how G is placed in G˜:
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The CLP-good groups will play an important role in the next section since we show that the CLP-compact pre-
compact groups G (i.e., G˜ is compact), are CLP-good, so that the criterion from Theorem 2.10 can be applied (see
Theorem 5.3).
5. Precompact CLP-compact groups
Let us start with two examples.
Example 5.1. (a) Every infinite abelian group G admits a precompact group topology that is not CLP-compact. In
fact, let PG be the finest precompact group topology on G (known also as the Bohr topology of G). Then (G,PG) is
not pseudocompact [6], so cannot be compact either. On the other hand, by van Douwen’s theorem [15], (G,PG) is
zero-dimensional, hence (G,PG) cannot be CLP-compact.
(b) Let us see now that many infinite abelian group do not admit any precompact CLP-compact group topology
due to their algebraic structure. Let us see that a precompact CLP-compact abelian group G is either compact torsion
or has r0(G)  c. Indeed, if r0(G) < c then no continuous character χ :G → T can be surjective. But then χ(G),
as a proper subgroup of T, is zero-dimensional, so CLP-compactness of G (and consequently, of χ(G) too) yields
χ(G) is compact. The only proper compact subgroups of T are the finite ones. This proves that every continuous
character of G has finite range in T. Being precompact, G has the initial topology of its continuous characters. Hence
G is zero-dimensional. Therefore, CLP-compactness of G implies compactness. Since compact abelian groups with
r0(G) < c must be torsion [14], we are through.
5.1. CLP-compactness criterion
The next lemma clarifies what qo-groups are in the case of precompact groups.
Lemma 5.2. A precompact group is a qo-group iff the embedding G ↪→ G˜ is quasi-component preserving.
Proof. For a precompact group G one has O(G) = G ∩ O(G˜) = G ∩ Q(G˜) as O(G˜) = Q(G˜) = C(G˜) by the
compactness of G˜. On the other hand, the embedding G ↪→ G˜ is quasi-component preserving iff Q(G) = G∩Q(G˜) =
O(G). Since this equality defines qo-groups we are done. 
Now we provide a useful “algebraic” criterion for CLP-compactness of precompact groups.
Theorem 5.3. A precompact group (G, τ) is CLP-compact iff G is CLP-good and
G˜ = G ·C(G˜) (4)
holds. In such a case
(a) τCLP coincides with the initial topology with respect to the map G → G˜/C(G˜); and
(b) G is strongly CLP-compact iff G∩C(G˜) is dense in C(G˜).
Proof. Assume that G is CLP-compact. Then by Proposition 4.5 G is a qz-group, so τCLP is a group topology
on G. Denote by τ the quotient topology of G/Q(G). Then τCLP coincides with the initial topology with respect
to the canonical map G → G/Q(G), when the quotient group is equipped with τCLP. Since the latter topology is a
zero-dimensional Hausdorff group topology, the CLP-compactness of G yields that τCLP is compact. Being also a
zero-dimensional compact group topology, it has a base of neighbourhoods of 1 consisting of open normal subgroups.
In particular, O(G/Q(G), τCLP) = {1}, hence also O(G/Q(G), τ) = {1}. This proves Q(G) = O(G). So G is a qo-
group. By Lemma 5.2 G ↪→ G˜ is quasi-component preserving. So by Lemma 2.5 we can conclude that G ↪→ G˜ is
CLP-preserving, i.e., G is CLP-good.
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both implications. Let us note that (4) expresses that fact that G meets all cosets xC(G˜), hence (4) is equivalent to
c-density of G in G˜. Now Theorem 2.10 applies.
(a) Denote by τ˜ the topology of G˜. Now (a) follows from CLP-goodness of G and the fact that τ˜CLP coincides
with the initial topology with respect to the map G˜ → G˜/C(G˜).
(b) Since C(G˜) is the kernel of the (open) homomorphism qG˜ : G˜ → G˜/C(G˜), C(G˜) ∩ G is dense in C(G˜) pre-
cisely when the restriction of qG˜ to G is open ([13, Lemma 4.3.2], Sulley–Grant’s Lemma). In other words, C(G˜)∩G
is dense in C(G˜) precisely when the quotient topology of G/C(G˜) ∩ G coincides with the subgroup topology of
qG˜(G). Therefore, if r(G) = G/C(G˜) ∩ G is compact (i.e., G is strongly CLP-compact), then C(G˜) ∩ G is dense
in C(G˜). Vice versa, if C(G˜) ∩ G is dense in C(G˜), then r(G) = G/C(G˜) ∩ G is compact, so G is strongly CLP-
compact. 
Remark 5.4. (a) By Lemma 5.2 every CLP-good precompact group (G, τ) is a qo-group, so the following implications
hold true for precompact groups
CLP-compact 
⇒ CLP-good 
⇒ qo-group 
⇒ qz-group.
(b) The precompact groups with O(G) = {1} are precisely the totally disconnected qo-groups. According to the
above theorem, as well as (a) and Corollary 4.1, we can confine the study of the CLP-compact precompact groups G
to those with O(G) = {1} (i.e., the totally disconnected qo-groups).
Now we see that the totally disconnected precompact qo-groups are subject to the following algebraic restriction.
A (discrete) group is divisible, if for every integer n > 0 and every g ∈ G there exists x ∈ G such that g = xn. A group
is reduced if it has no non-trivial divisible subgroups.
Proposition 5.5. A totally disconnected precompact qo-group is reduced.
Proof. Let G be a totally disconnected qo-group. Then its completion K is a compact group and O(G) =
G ∩ C(K) = {1}. Hence the canonical homomorphism f :K → K/C(K) induces a monomorphism of G into
K/C(K). It remains now to recall that totally disconnected compact groups are reduced [22]. 
In the next theorem we show that only very special reduced abelian groups can support a totally disconnected
precompact CLP-compact group topology.
Theorem 5.6. Let G be a reduced abelian group. Then the following are equivalent:
(a) G admits a totally disconnected precompact CLP-compact group topology;
(b) G admits a compact group topology;
(c) G ∼=∏p(Zαpp ×∏n Z(pn)βn,p ), for appropriate cardinals αp,βn,p , n ∈ N,p ∈ P.
Proof. The equivalence of (b) and (c) is well known [22, (25.22)]. Since every compact group topology on a reduced
group is totally disconnected [13], (b) obviously implies (a). The implication (a) → (b) follows from Lemma 4.4 and
Proposition 4.5. 
It is well known that divisible compact groups are connected and this property of the compact groups can be
extended to pseudocompact groups [35]. We show now that “compact” can be replaced also by “precompact and
CLP-compact”.
Corollary 5.7. A divisible CLP-compact precompact group is connected.
Proof. The quotient group G/Q(G) is a totally disconnected divisible precompact CLP-compact group. By Theo-
rem 5.3 G/Q(G) is also reduced. Therefore, it is trivial, i.e., G = Q(G) is connected. 
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The criterion from Theorem 5.3 becomes still more transparent for the following class of precompact groups.
Definition 5.8. [7] A precompact group G is splitting, if the connected component C(G˜) splits off as a topological
direct summand.
The next theorem describes the structure of the splitting precompact abelian groups and their CLP-compactness.
Theorem 5.9. Let G be a splitting precompact abelian group and let G˜ = N × C, where N is a compact totally
disconnected abelian group, C = C(G˜) is a compact connected abelian group. Let prN :N × C → N and prC :N ×
C → C be the canonical projection, let L = G∩ {0} ×C, identified in the obvious way with a subgroup of C, and let
ξ :N ×C → N ×C/L be the canonical homomorphism. Then:
(a) H = prN(G) is a dense subgroup of N ;
(b) there exists a (discontinuous) homomorphism with dense image f :H → C/L such that G coincides with the
inverse image of the graph Γf = {(x, f (x)): x ∈ H } of f under the homomorphism ξ .
Vice versa, with N,C,L as above and for every f as in (b), the subgroup G = ξ−1(Γf ) of N × C is a splitting
precompact abelian group with G˜ = N ×C, satisfying also
(c) O(G) = L and C(G) = C(L); so G is hereditarily disconnected (respectively, totally disconnected) iff L is
hereditarily disconnected (respectively, L = 0).
(d) G is CLP-compact iff H = N and G is CLP-good.
(e) G is strongly CLP-compact iff H = N and L is dense in C.
Proof. (a) Since G is a dense subgroup of the product N × C, it follows that the projection H = prN(G) is a dense
subgroup of N .
(b) For every x ∈ H there exists y ∈ C such that (x, y) ∈ G. Moreover, since L = G∩ ({0} ×C), such an y ∈ C is
unique modulo L. Let y = f (x) ∈ C/C ∩ G. It is easy to see that f is a group homomorphism. Since G is a dense
subgroup of the product K = N × C, it follows that the projection prC(G) is a dense subgroup of C. It remains to
note that prC(G) = η−1(f (H)), where η :C → C/L is the canonical homomorphism.
(c) is true as N ×C is the (compact) completion of G.
(d) follows from Corollary 5.3 since H = N precisely when G is c-dense in N ×C.
(e) follows from (c) and Theorem 5.3. 
Remark 5.10. When O(G) = {0} in the above theorem, the group G simply coincides with graph Γf of a homo-
morphism f :H → C. The question when such a “slim” group is CLP-good does not seem easy to answer. This is
why we shall use in the sequel a homomorphism f :H → C, but we shall also add a subgroup L of C to the graph
Γf (i.e., take G = Γf + ({0} × L)). Obviously, such a special choice of G is available in the above scheme (as a
homomorphism H → C/L that can be lifted to a homomorphism H → C in (b)).
The following notion, isolated from a construction in [1] due to Jan Pelant, turns out to be helpful for the construc-
tion of strongly CLP-compact metrizable separable groups of arbitrary positive dimension (so non-compact).
Definition 5.11. Let N and C be metrizable compact abelian groups. A (discontinuous) homomorphism f :N → C
is said to be a jp-homomorphism, if for every closed subset F of N ×C with |prN(F )| = 2ω, there exits x ∈ prN(F )
with (x, f (x)) ∈ F .
Obviously, every jp-homomorphism f is surjective and its graph Γf is dense in N ×C.
Following [34], we call an abelian group G almost torsion-free, if for every m> 0 the solution set of the equation
mx = 0 in G is finite. The following theorem is proved in [1]:
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is connected.
(a) There exists a jp-homomorphism f :N → C iff N is almost torsion-free.
(b) If f :N → C is a jp-homomorphism, then for every dense subgroup L of C the subgroup G = Γf + ({0} ×L) of
K = N ×C is dense, CLP-good3 and dimG = dimC.
Example 5.13. For every n ∈ ω there exists an n-dimensional hereditarily disconnected splitting precompact totally
minimal abelian group G that is strongly CLP-compact. Indeed, fix a prime p and apply Theorem 5.12 with N = Zp ,
C = Tn and L = (Q/Z)n. By Theorem 5.12, this gives a dense CLP-good subgroup of the product K = N × Tn
with dimG = dimC = n. By Theorem 5.9 G is splitting precompact and hereditarily disconnected, since (by
CLP-goodness) Q(G) = G ∩ C(K) = {0} × L ∼= (Q/Z)n is hereditarily disconnected (being countable, hence zero-
dimensional). Moreover, G is strongly CLP-compact by the density of L in C (cf. Theorem 5.9(e)). To see that such
a G is also totally minimal it suffices to apply to G and its subgroup Q(G) the “three-space-property” from [16]:
Q(G) ∼= (Q/Z)n is totally minimal [12] and G/Q(G) is compact (hence, totally minimal). This yields that G is
totally minimal as well, since Q(G) is torsion.
One can “approximate” abelian totally disconnected precompact qo-groups by splitting ones of the same weight.
Theorem 5.14. For every abelian totally disconnected precompact qo-group (G, τ) there exists a coarser group
topology τ1 such that
(a) (G, τ1) is a totally disconnected splitting precompact qo-group;
(b) w(G,τ1) = w(G,τ).
Proof. Let K be the compact completion of (G, τ). Then by hypothesis O(G) = G ∩ C(K) = {0}. There exists a
compact totally disconnected subgroup L of K such that K = C(K) + L. Indeed, let X be the (discrete) Pontryagin
dual of K . Let F be a free abelian subgroup of K generated by a maximal independent subset, i.e., the quotient
X/F is torsion. Then the annihilator L of F has the desired property, as F trivially meets the torsion subgroup
t (X) of X, while C(K) is precisely the annihilator of t (X) [22]. Let D = L ∩ C(K). Then D is a closed totally
disconnected subgroup of K contained in C(K). Therefore, w(C(K)/D) = w(C(K)), as the Pontryagin dual of
C(K)/D is isomorphic to a subgroup Y of the Pontryagin dual Z of C(K) such that Z/Y is torsion (hence |Y | = |Z|).
This yields
w(K/D) = max{w(K/C(K)),w(C(K)/D)}= max{w(K/C(K)),w(C(K))}= w(K) = w(G). (5)
On the other hand, D ∩G = {0}. Therefore the canonical homomorphism f :K → K1 = K/D, when restricted to G,
gives a continuous injection G → K1. Denote by τ1 the topology induced on G by this injection. Then the completion
of (G, τ1) is isomorphic to K1 ∼= (N/D) × (C(K)/D). This proves (a), since G trivially meets C(K1) = C(K)/D.
Item (b) follows from (5) and the equality w(G,τ1) = w(K/D). 
Corollary 5.15. Let {Gi : i ∈ I } be a family of precompact groups. Then ∏i{Gi : i ∈ I } is CLP-compact iff∏
i{Gi : i ∈ I } is CLP-good and each Gi is CLP-compact.
Proof. If
∏
i{Gi : i ∈ I } is CLP-compact, then it is CLP-good by Theorem 5.3.
Assume that
∏
i Gi is CLP-good and each Gi is CLP-compact. Since the product
∏
i G˜i is compact (so CLP-
compact), and consequently, CLP-rectangular, we conclude that also the product ∏i Gi is CLP-rectangular, so
Theorem 3.4 can be applied. 
3 Actually, it has a stronger property: every clopen set W of G has the form W = G∩O , where O is a clopen set of G.
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6.1. Criterion for CLP-compactness
The pseudocompact groups have further nice properties that make this class of topological groups still more ap-
propriate for the study of CLP-compactness.
Theorem 6.1. [5] A topological group G is pseudocompact precisely iff it is precompact and Gδ-dense in its comple-
tion G˜. In such a case G˜ coincides with βG. Consequently, products of pseudocompact groups are pseudocompact.
This important structure theorem, along with Lemma 2.2 and Remark 5.4, immediately gives:
Proposition 6.2. Every pseudocompact group is CLP-good, in particular, a qo-group.
(An alternative proof of the equality Q(G) = O(G) for any pseudocompact group G can be found in [7,8].)
This proposition allows us to use “for free” all results proved in the previous section. In particular, it follows
immediately from Propositions 5.5 and 6.2 that the totally disconnected pseudocompact groups are reduced.
Corollary 6.3. Every product of pseudocompact groups is CLP-rectangular.
Proof. By Theorem 6.1 βG = G˜ for every pseudocompact group G. On the other hand, ∏˜Gi =∏ G˜i for every
product of topological groups. So, β commutes with arbitrary products of pseudocompact groups. Now (the proof
of) Proposition 3.5 applies. (For an alternative proof apply Corollary 5.15, Proposition 6.2 and the conclusion of
Theorem 6.1.) 
Due to Proposition 6.2, the criterion for CLP-compactness from Theorem 5.3 simplifies for pseudocompact groups:
Theorem 6.4. Let G be a pseudocompact group.
(a) G is CLP-compact iff G˜ = G ·C(G˜).
(b) G is strongly CLP-compact iff G˜ = G ·C(G˜) and Q(G) is dense in C(G˜).
Proof. (a) By Theorem 6.1, G˜ = βG, so by Lemma 2.2 the group G is CLP-good. Now (a) follows immediately from
Theorem 5.3.
(b) Q(G) is dense in C(G˜) precisely when G/Q(G) is zero-dimensional [8, Theorem 1.7]. Hence compactness of
G/Q(G) is equivalent to its CLP-compactness. Now item (a) applies. 
Remark 6.5. For a totally disconnected CLP-compact pseudocompact group G the completion G˜ is (algebraically) a
semi-direct product of G and C(G˜) due to the equality G˜ = G ·C(G˜). This gives a necessary condition for a compact
abelian group K to be the completion of a totally disconnected CLP-compact pseudocompact group (namely, C(K)
admits a Gδ-dense direct complement). It would be nice to find a direct characterization of these groups K . Let us note
that the subgroup C(K) of a compact abelian group K always splits off algebraically as a direct summand. However,
it is not very clear when the direct complement can be chosen to be (Gδ-)dense. For metrizable K with non-torsion
quotient K/C(K) the dense-version can be easily achieved by choosing a dense countable subgroup H of any direct
complement N ∼= K/C(K) of C(K) (this is possible since K is hereditarily separable). Then any surjective group
homomorphism f :N → C(K) with H ⊆ kerf will have dense graph Γf ∼= N that is a direct complement of C(K).
Theorem 6.6. If {Gi : i ∈ I } is a family of pseudocompact groups, then the product ∏i Gi is CLP-compact iff every
group Gi is CLP-compact.
Proof. Follows immediately from the above theorem and Lemma 4.7 (or from Corollary 6.3 and Proposition 3.4). 
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An example of a 2-dimensional totally disconnected subspace of R2 that is CLP-compact can be found in [32,
§6] (actually, a stronger property was established there). We do not know whether R2 contains a totally disconnected
2-dimensional subgroup that is CLP-compact. Here we construct a large class of totally disconnected pseudocompact
CLP-compact abelian groups of arbitrary dimension n. The first examples of totally disconnected pseudocompact
abelian groups of arbitrary dimension can be found in [4].
One can say more about the structure of the splitting pseudocompact totally disconnected abelian groups, especially
when they are finite-dimensional. Let us mention here that dimG = dim G˜ for a pseudocompact group G, in view of
G˜ = βG (see Theorem 6.1).
Theorem 6.7. Let G be a splitting pseudocompact and totally disconnected abelian group with N , C, L, ξ and
f :H → C/L as in Theorem 5.9 Then:
(a) H = prN(G) is a Gδ-dense subgroup of N ;
(b) f (H) is a Gδ-dense subgroup of C/L; in particular, f is surjective, if G is finite-dimensional;
(c) kerf is a Gδ-dense subgroup of H ;
(d) w(G) = w(N), if G is finite-dimensional;
(e) G is CLP-compact iff H = N . In such a case, |G| = 2w(G) if G is finite-dimensional.
Vice versa, if N,C,H and f :H → C satisfy (a)–(c), then G = ξ−1(Γf ) is a dense totally disconnected pseudo-
compact subgroup of N ×C with (d), (e) and Q(G) = L.
Proof. (a) Since G is a dense pseudocompact subgroup of the product K = N × C, it follows that the projection
H = prN(G) is a dense pseudocompact subgroup of N . Hence H is a Gδ-dense subgroup of N by Theorem 6.1.
(b) Since G is a dense pseudocompact subgroup of the product K = N×C, it follows that the projection prC(G) is a
dense pseudocompact subgroup of C, so a Gδ-dense subgroup of C. So it remains to note that prC(G) = η−1(f (H)),
where η :C → C/L is the canonical homomorphism. Now assume that G is finite-dimensional. Then G˜ is finite-
dimensional as well. Since G˜ = dimC, we conclude that C is a compact connected finite-dimensional group. There-
fore, C is metrizable [13]. Hence prC(G) is metrizable as well. Therefore, prC(G) is compact, so that its density
yields prC(G) = C. To prove that f is surjective it suffices to use again the equality prC(G) = η−1(f (H)).
(c) Since C is metrizable, the subgroup N × {0} is Gδ-subgroup of K . Since G is Gδ-dense in K , it follows that
H × {0} = G∩ (N × {0}) = kerf is Gδ-dense in N × {0}.
(d) w(G) = w(G˜) = w(N ×C) = w(N), as C is second countable, in case G is finite-dimensional.
(e) The first part follows from Theorem 5.9(d) and Proposition 6.2. The second part follows from (d), |N | = 2w(N)
and the equality H = N (note that the restriction of the projection pN to G is injective, so |G| = |H |).
In the opposite direction, G = Γf is a Gδ-dense subgroup of N × C, hence it is pseudocompact by Theorem 6.1
(see [8] for more details). 
In the case of pseudocompact groups, the counterpart of the approximation Theorem 5.14 gives more properties
of the totally disconnected splitting pseudocompact group topology approximating the given one. In particular, this
approximation preserves dimension and CLP-compactness.
Theorem 6.8. For every finite-dimensional totally disconnected pseudocompact group (G, τ) there exists a group
topology τ1 such that
(a) τ ⊇ τ1 ⊇ τCLP = τ1CLP;
(b) τ1 is splitting pseudocompact and totally disconnected;
(c) dim(G, τ1) = dim(G, τ) and w(G,τ1) = w(G,τ) = w(G,τCLP);
(d) τ is CLP-compact iff τ1 is CLP-compact;
(e) τ is strongly CLP-compact iff τ1 is strongly CLP-compact iff τ = τ1 is compact.
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w(G,τ1) = w(G,τ). For (a) apply Theorem 6.7 using the fact that τCLP coincides with the topology induced on
G under the restriction to G of the canonical map K → K/C(K). Analogously, τ1CLP coincides with the topology
induced on G under the restriction to G of the canonical map K1 → K1/C(K1). Since C(K1) = C(K)/D, one has
K/C(K) ∼= K1/C(K1). This proves the equality τCLP = τ1CLP.
(c) Since D is totally disconnected (hence, zero-dimensional), dimK1 = dimK . Hence dim(G, τ1) = dimK1 =
dimK = dim(G, τ). Since (G, τCLP) is isomorphic to a dense subgroup of N , we have w(G,τCLP) = w(N) =
w(G,τ), the last equality comes from Theorem 6.7.
(d) is immediate from (a). 
The next corollary shows that the CLP-compact totally disconnected pseudocompact groups share another typical
property of the compact groups relating the size and the weight of the group.
Corollary 6.9. |G| = 2w(G) holds for every finite-dimensional CLP-compact totally disconnected pseudocompact
group G.
Proof. According to item (c) of the above theorem we can assume without loss of generality that G is splitting. Then
Theorem 6.7(e) applies. 
Example 6.10. (a) For every n ∈ ω there exists an n-dimensional totally disconnected pseudocompact abelian group G
that is CLP-compact (since such a group cannot be compact, it cannot be strongly CLP-compact either). Take N = Zcp ,
where c = 2ω. Let H denote the Σ -product in N (i.e., H consists of all elements of countable support in N ). Since
N/H has free-rank  c, there exists a (discontinuous) surjective homomorphism f :N → Tn such that H ⊆ kerf .
Then the graph G = Γf of f is a Gδ-dense subgroup of the product K = N × Tn, hence G is pseudocompact
and totally disconnected, since G ∩ C(K) = {0}. Moreover, GCLP ∼= N is compact, so G is CLP-compact. Finally,
dimG = dimK = n.
(b) One can carry out the construction from (a) in a rather general situation. First recall the following notion
introduced in [11]: a compact group K is c-extremal, if r0(K/H) < c for every Gδ-dense subgroup H of K . The
above construction can be carried out with arbitrary totally disconnected non-c-extremal compact abelian group N
and with arbitrary compact connected abelian group C with dimC = n.
(c) According to [9, Corollary 1.4.2] for every 0 < n∞ there exists a hereditarily disconnected totally minimal
pseudocompact abelian group Hn that is strongly CLP-compact and has dimHn = n. Since n > 0, the group Hn
cannot be compact, hence Hn cannot be totally disconnected. Moreover, one cannot achieve total disconnectedness of
Hn even by renouncing strong CLP-compactness. Indeed, for arbitrary totally minimal pseudocompact groups CLP-
compactness is equivalent to strong CLP-compactness (Remark 6.14(2)). Finally, a careful analysis of the proofs of
[9, Theorem 1.4.1, Corollary 1.4.2] shows that Q(Hn) can be chosen to be countably infinite.
Example 6.11. The strongly CLP-compact groups (G, τ) from Examples 5.13 and 6.10 have a countably infinite
(hence, non-CLP-compact) quasi-component Q(G). Since Q(G) is τCLP-closed, this shows that CLP-compactness is
not hereditary even with respect to τCLP-closed subspaces. Since in both cases Q(G) is not connected (so Q(Q(G)) =
Q(G)), the embedding of a τCLP-closed subspace need not be quasi-component preserving.
As already mentioned, for a totally disconnected pseudocompact group (G, τ) the group (G, τCLP) is compact and
totally disconnected. Our next goal is to characterize the class N of the compact and totally disconnected groups of
the form (G, τCLP), where (G, τ) is a non-compact totally disconnected pseudocompact abelian group. To this end
we recall another notion introduced in [11]: a compact group K is singular, if mK is metrizable for some m> 0.
Theorem 6.12. For a compact totally disconnected abelian group N the following are equivalent:
(a) N ∈N ;
(b) N is not singular;
(c) N is not c-extremal;
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disconnected CLP-compact group (G, τ) such that (G, τCLP) ∼= N and G˜ = N ×C.
Proof. (a) → (b) Let (G, τ) be a non-compact totally disconnected pseudocompact CLP-compact abelian group with
N = (G, τCLP). According to Theorem 6.8 can assume w.l.o.g. that G is splitting. To show that N is non-singular
we argue by contradiction and assume mN is metrizable for some m > 0. Hence the subgroup mH of mN is both
Gδ-dense, and metrizable, hence compact. Thus mH = mN . This shows that the quotient N/H is torsion for every
Gδ-dense subgroup of N . Since G is a splitting pseudocompact group corresponding to N , by Theorem 6.7 there
exists a homomorphism f :N → C with Gδ-dense kernel and Gδ-dense image such that G = Γf . Since G is not
compact, C = {0} is an infinite connected compact group. So f (H) is an infinite dense pseudocompact subgroup
of C, thus r0(f (H)) c, as otherwise f (H) must have bounded order [4]. Then N/kerf ∼= f (H), so N/kerf has
free rank at least c, a contradiction. Therefore, N cannot be singular.
(b) → (c) According to [10], for every non-singular group N there exists a surjective homomorphism N →∏
i∈I Ki , where I is uncountable and each Ki is a compact non-torsion abelian group. Obviously, such a product
cannot be c-extremal, so N is not c-extremal either.
(c) → (d) Since N is not c-extremal, then there exists a Gδ-dense subgroup H such that r0(K/N)  c. Fix a
Gδ-dense subgroup R of C of size  c (this is possible, since cω  2c [14]). Then one can define a surjective homo-
morphism h :F → R, where F is a free subgroup of N/H of rank c (it exists by the assumption r0(K/N) c). By the
divisibility of C the homomorphism h can be extended to the whole group N/H . Now composing with N → N/H
we obtain a homomorphism f :N → C with Gδ-dense kernel and Gδ-dense image. Therefore, the graph G = Γf of
f is a dense pseudocompact totally disconnected subgroup of N ×C.
(d) → (a) is trivial. 
The following theorem shows that all groups appearing in Example 6.10 and Theorem 6.12 are not normal as
topological spaces (since a normal pseudocompact space is countably compact).
Theorem 6.13. If a topological group G has some of the following three properties, then G is CLP-compact iff G is
strongly CLP-compact:
(a) G is countably compact;
(b) G is locally compact;
(c) G is a totally minimal qz-group.
Proof. Let us note first that Lemma 4.1 allows us to consider only totally disconnected groups. Hence, it suffices to see
in all three cases, that if G is totally disconnected, then G is zero-dimensional (as CLP-compactness of G is equivalent
to compactness of G under this circumstance). The locally compact case (b) is folklore. For countable compactness
this fact was proved in [9]. In the case (c) just note that G/Q(G) is minimal and admits a coarser zero-dimensional
Hausdorff group topology by Lemma 4.4. Hence G/Q(G) is zero-dimensional. 
Remark 6.14. (1) In (a) countable compactness can be replaced by the weaker property hereditary pseudocompact-
ness, introduced in [8] (it means that all closed subgroups of the group are pseudocompact). Examples of hereditary
pseudocompact groups that are not countably compact can be found in [35] (see also [9, Example 1.1.6(b)]).
(2) By Lemma 6.2(c) is verified under the stronger property: G is totally minimal and pseudocompact.
(3) Here are two more conditions that can be added to (a)–(c):
(i) G is a divisible precompact qz-group;
(ii) G is precompact abelian and there exists m> 0 such that mG ⊆ Q(G).
In case (i) Corollary 5.7 applies. In case (ii) note that the precompact group G/Q(G) has bounded exponent m, hence
its completion K is a compact group of exponent m. Consequently, both K and G/Q(G) are zero-dimensional. Hence
G/Q(G) is compact whenever it is CLP-compact.
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Let us recall first one of the major problems in the field that still remains open:
Question 7.1. [32, Question 6.3] If {(Xi, τi): i ∈ I } are topological spaces such that ∏i∈J (Xi, τi) is CLP-compact
for every finite subset of I , does it follow that
∏
i (Xi, τi) is CLP-compact? Does it depend of the size of I?
The counterpart of this question for topological groups is open too, along with
Question 7.2. Is CLP-compactness of topological groups preserved by finite products?
The next two questions are motivated by the positive answer in the case of sequential spaces in [30]:
Question 7.3. Is the product X × Y of CLP-compact spaces X,Y CLP-compact provided one of them is a k-space?
A positive answer to the above question will imply a positive answer to:
Question 7.4. Is a finite product of CLP-compact k-spaces always CLP-compact?
The following more general problem is related to this question:
Problem 7.5. Characterize the spaces X, such that for every space Y the product X × Y is CLP-rectangular.
For the CLP-compact spaces X with the above property the product X × Y is CLP-compact for every CLP-
compact space Y (compare with Question 7.3). Note that a strongly CLP-space need not have this property. Here is
a weaker property: call X perfectly CLP-compact, if X2 is CLP-compact. Obviously, perfectly CLP-compact spaces
are CLP-compact, but there exist consistent examples of regular CLP-compact spaces of countable tightness that are
not perfectly CLP-compact [31] (see also [32, Corollary 4.2]).
Question 7.6. Is every CLP-compact topological group perfectly CLP-compact?
Lemma 2.5 leaves open the following:
Problem 7.7. Clarify when a dense embedding j :X → Y of a CLP-compact space X is quasi-component preserving.
We saw that compactness of Y is a sufficient condition in the case of topological groups (Theorem 5.3), but it
is not clear if this remains true for topological spaces. An obvious (but rather strong) sufficient condition is “j is
{0,1}-embedded” (i.e., continuous functions of X into the discrete dyad {0,1} can be extended to Y ).
For the sake of completeness we formulate the specific question separately for topological groups:
Question 7.8. Is every CLP-compact group CLP-good (or at least quasi-component preserving)?
Here is a related question (compare with Remark 5.4 for precompact groups):
Question 7.9. Is every CLP-compact group a qo-group?
According to Theorem 2.12, a totally disconnected space (X, τ) is CLP-compact iff its Tychonoff reflection (X, τw)
is CLP-compact. The counterpart of this property for topological groups seems to be the following
Conjecture 7.10. A maximally almost periodic totally disconnected group G is CLP-compact iff G+ is CLP-compact.
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for a complete reduction of the study of CLP-compact groups to the precompact case.
One can push this conjecture further as follows. It was proved by Glicksberg [20] that for every LCA group G the
compact sets of G and G+ are the same. Usually, one refers to this property by saying that G respects compactness
[3,25,21] (a group G such that G and G+ have the same convergent sequences, is said to have the Shur property [3,
21]). Let us say that G respects CLP-compactness, when the CLP-compact sets in G and G+ are the same. It is easy
to see that G has the Shur property whenever G respects CLP-compactness (argue as in [3, Proposition 23]). It will
be interesting to see when a maximally almost periodic group G respects CLP-compactness and how this property is
related to respecting compactness. It is quite natural to start with the case of groups satisfying Pontryagin duality (cf.
[25,21]).
We have no examples of totally disconnected CLP-compact metrizable groups that are not compact:
Question 7.11. Is every totally disconnected metrizable CLP-compact group necessarily compact?
Since a totally disconnected group is compact iff it is strongly CLP-compact, we can formulate more generally the
above question about the existence of CLP-compact metrizable groups that are not strongly CLP-compact:
Question 7.12. Is every metrizable (normal) CLP-compact group necessarily strongly CLP-compact?
We saw in Theorem 6.13 that adding normality may indeed make disappear the distinction between CLP-
compactness and strong CLP-compactness as far as pseudocompact groups are concerned.
Acknowledgements
It is a pleasure to thank Juris Stepra¯ns for calling my attention to this topic and letting me have his unpublished
preprint [30]. The very careful reading and helpful criticisms of the referee improved essentially the exposition of the
paper.
References
[1] A. Berarducci, D. Dikranjan, J. Pelant, Straight topological groups, Preprint.
[2] R.H. Bing, A connected countable Hausdorff space, Proc. Amer. Math. Soc. 4 (1953) 474.
[3] M. Bruguera, E.M. Peinador, V. Tarieladze, Eberlein–Šmulyan theorem for Abelian topological groups, J. London Math. Soc. 70 (2004)
341–355.
[4] W. Comfort, J. van Mill, Concerning connected, pseudocompact Abelian groups, Topology Appl. 33 (1989) 21–45.
[5] W.W. Comfort, K. Ross, Pseudocompactness and uniform continuity in topological groups, Pacific J. Math. 16 (1966) 483–496.
[6] W. Comfort, V. Saks, Countably compact groups and finest totally bounded topologies, Pacific J. Math. 49 (1973) 33–44.
[7] D. Dikranjan, Dimension and connectedness in pseudocompact groups, C. R. Acad. Sci. Paris 316 (Série I) (1993) 309–314.
[8] D. Dikranjan, Zero-dimensionality of some pseudocompact groups, Proc. Amer. Math. Soc. 120 (4) (1994) 1299–1308.
[9] D. Dikranjan, Compactness and connectedness in topological groups, Topology Appl. 84 (1–3) (1998) 227–252.
[10] D. Dikranjan, A. Giordano Bruno, Pseudocompact totally dense subgroups, Proc. Amer. Math. Soc., in press.
[11] D. Dikranjan, A. Giordano Bruno, C. Milan, Weakly metrizable pseudocompact groups, Appl. Gen. Topology 6 (2) (2005), in press.
[12] D. Dikranjan, Iv. Prodanov, Totally minimal groups, Ann. Univ. Sofia Fac. Math. Méc. 69 (1974/1975) 5–11.
[13] D. Dikranjan, I. Prodanov, L. Stojanov, Topological Groups (Characters, Dualities, and Minimal Group Topologies), Marcel Dekker, New
York, 1990.
[14] D. Dikranjan, D. Shakhmatov, Algebraic structure of pseudocompact groups, Mem. Amer. Math. Soc. 133 (633) (1998) x+83 pp.
[15] E.K. van Douwen, The maximal totally bounded group topology on G and the biggest minimal G-space for Abelian groups G, Topology
Appl. 34 (1990) 69–91.
[16] V. Eberhardt, S. Dierolf, U. Schwanengel, On the product of two (totally) minimal topological groups and the three-space-problem, Math.
Ann. 251 (2) (1980) 123–128.
[17] R. Ellis, Locally compact transformation groups, Duke Math. J. 24 (1957) 119–125.
[18] R. Engelking, General Topology, revised and completed ed., Sigma Ser. Pure Math., vol. 6, Heldermann, Berlin, 1989.
[19] I. Glicksberg, Stone– ˇCech compactifications of products, Trans. Amer. Math. Soc. 90 (1959) 369–382.
[20] I. Glicksberg, Uniform boundedness for groups, Canad. J. Math. 14 (1962) 269–276.
[21] S. Hernández, J. Galindo, S. Macario, A characterization of the Schur property by means of the Bohr topology, Topology Appl. 97 (1–2)
(1999) 99–108.
1340 D. Dikranjan / Topology and its Applications 154 (2007) 1321–1340[22] E. Hewitt, K. Ross, Abstract Harmonic Analysis I, Springer, Berlin, 1963.
[23] M. Megrelishvili, G-minimal topological groups, in: D. Dikranjan, L. Salce (Eds.), Abelian Groups, Module Theory, and Topology, Padua,
1997, in: Lecture Notes in Pure and Appl. Math., vol. 201, Dekker, New York, 1998, pp. 289–299.
[24] J. von Neumann, Almost periodic functions in a group I, Trans. Amer. Math. Soc. 36 (1934) 445–492.
[25] D. Remus, F. Trigos-Arrieta, Abelian groups which satisfy Pontryagin duality need not respect compactness, Proc. Amer. Math. Soc. 117 (4)
(1993) 1195–1200.
[26] D. Shakhmatov, A survey of current researches and open problems in the dimension theory of topological groups, Questions Answers Gen.
Topology 8 (1990) 101–128.
[27] D. Shakhmatov, On zero-dimensionality of subgroups of locally compact groups, Comment. Math. Univ. Carolin. 32 (3) (1991) 581–582.
[28] A. Sondore, A. Šostak, On clp-compact and countably clp-compact spaces, in: Mathematics, in: Latv. Univ. Zina¯t. Raksti, vol. 595, Latv.
Univ., Riga, 1994, pp. 123–142.
[29] R.M. Stephenson Jr, Minimal topological groups, Math. Ann. 192 (1971) 193–195.
[30] J. Stepra¯ns, Products of sequential CLP-compact spaces, in: CMS/CSHPM Summer 2005 Meeting, Waterloo (Abstracts), and Preprint.
[31] J. Stepra¯ns, A regular CLP-compact space of countable tightness whose square is not CLP-compact, Talk given at the Set Theory Seminar
(June 2005), Fields Institute, Toronto.
[32] J. Stepra¯ns, A. Šostak, Restricted compactness properties and their preservation under products, Topology Appl. 101 (3) (2000) 213–229.
[33] A. Šostak, On a class of topological spaces containing all bicompact and all connected spaces, in: General Topology and Its Relations to
Modern Analysis and Algebra, IV, Proc. Fourth Prague Topological Sympos., Prague, 1976, Part B, Soc. Czechoslovak Mathematicians and
Physicists, Prague, 1977, pp. 445–451.
[34] M. Tkachenko, I. Yaschenko, Independent group topologies on abelian groups, Topology Appl. 122 (1–2) (2002) 425–451.
[35] H. Wilcox, Dense subgroups of compact groups, Proc. Amer. Math. Soc. 28 (1971) 578–580.
